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Abstract 

We present a method where derivations of ^-product algebras are used to build 
covariant derivatives for noncommutative gauge theory. We write down a noncom- 
mutative action by linking these derivations to a frame field induced by a noncon- 
stant metric. An example is given where the action reduces in the classical limit to 
scalar electrodynamics on a curved background. We further use the Seiberg-Witten 
map to extend the formalism to arbitrary gauge groups. A proof of the existence 
of the Seiberg-Witten-map for an abelian gauge potential is given for the formality 
★-product. We also give explicit formulas for the Weyl ordered ★-product and its 
Seiberg-Witten-maps up to second order. 
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1 Introduction 



One hope associated with the application of noncommutative geometry in physics is a 
better description of quantized gravity At least it should be possible to construct effective 
actions where traces of this unknown theory remain. If one believes that quantum gravity 
is in a sense a quantum field theory, then its observables are operators on a Hilbert 
space and therefore elements of an algebra. Some properties of this algebra should be 
reflected in the noncommutative geometry the effective actions are constructed on. As 
the noncommutativity should be induced by background gravitational fields, the classical 
limit of the effective actions should reduce to actions on curved spacetimes 

In this paper we will investigate noncommutative geometry formulated in the ^-product 
formalism, where gauge theory can be constructed in a particularly convenient way on 
noncommutative spacetime. 

The case of an algebra with constant commutator has been extensively studied. This 
theory reduces in the classical limit to a theory on a flat spacetime. Therefore it is necessary 
to develop concepts working with more general algebras 3 , since one would expect that 
curved backgrounds are related to algebras with nonconstant commutation relations. We 
present here a method using derivations of ^-product algebras to build covariant derivatives 
for noncommutative gauge theory. We are able to write down a noncommutative action by 
linking these derivations to a frame field induced by a nonconstant metric. An example is 
given where the action reduces in the classical limit to scalar electrodynamics on a curved 
background. 

Nonexpanded theories can only deal with [/(n)-gauge groups, but using Seiberg-Witten- 
maps relating noncommutative quantities with their commutative counterparts makes it 
possible to consider arbitrary nonabelian gauge groups We therefore extend our 

formalism to arbitrary gauge groups by introducing Seiberg-Witten maps. A proof of the 
existence of the Seiberg-Witten-map for an abelian gauge potential is given for the for- 
mality ^-product. We also give explicit formulas for the Weyl ordered ^-product and its 
Seiberg-Witten-maps up to second order. 

2 The general formalism 
2.1 Classical gauge theory 

First let us recall some properties of a general classical gauge theory. A non-abelian gauge 
theory is based on a Lie group with Lie algebra 

[T a ,T b ]=if ab c T c . (1) 

3 As an example for the treatment of a special algebra, see also the recent paper PJ, where gauge theory 
on the -E 9 (2)-covariant plane is studied. 
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Matter fields transform under a Lie algebra valued infinitesimal parameter 

5 a tp = iaip, a = a a T a (2) 
in the fundamental representation. It follows that 

(5 a 5p - 5p5 a )ip = 5_ i[a ^ip. (3) 

The commutator of two consecutive infinitesimal gauge transformation closes into an in- 
finitesimal gauge transformation. Further a Lie algebra valued gauge potential is intro- 
duced with the transformation property 

5 a a,i = dia + i[a,(ii}. (4) 
With this the covariant derivative of a field is 

Dii> = dii> - iciiip. (5) 

The field strength of the gauge potential is defined to be the commutator of two covariant 
derivatives 

iFij = [Di, Dj] = didj - djdi - i[di, aj]. (6) 

The last equations can all be stated in the language of forms. For this a connection one 
form is introduced 

a = a ia T a dx\ (7) 

The covariant derivative now acts as 

Dip = dip- iaip. (8) 
The field strength becomes a two form 

F = da - ia A a. (9) 



2.2 Commutative actions with the frame formalism 

In this section we want to recall some aspects of classical differential geometry. Suppose 
we are working on a n-dimensional manifold M. Then there are locally n derivations <9 M 
which form a basis of the tangent space TM of the manifold. The derivations all fulfill 
the Leibniz rule on two functions. If we make a local basis transformation on TM then 
this "frame" can always be written locally as 

e a = e a ^x)d^, (10) 
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where e a ^(x) has to be invertible (e u a e a ^ = Sii). Since forms are dual to vector fields, they 
may be evaluated on a frame. For the covariant derivate we get 

(Dip)(e a ) = e a ip - ia a ip (11) 

where 

a a = a{e a ). (12) 

The field strength becomes 

f(e a , e&) = f a b = e a a b - e b a a - a([e a , e b }) - i[a a , a b \. (13) 

It is well known that in Riemannian geometry it is always possible to find a frame where 
the metric is constant 

Vab = eaV^. (14) 

Since in scalar electrodynamics we do not need a spin connection, it is simple to write 
down its action on an curved manifold with the frame formalism 

S = f d n x e {-\rf h rf d fachd + rf>D a jD b 4> + m 2 #). (15) 

Here 

e = (det e/)- 1 = ^/det(^) (16) 
is the measure function for the curved manifold. 



2.3 Noncommutative gauge theory 

In our approach to studying physics in the noncommutative realm, one deforms the com- 
mutative algebra of functions on a space to a noncommutative one. This noncommutative 
algebra of functions we call noncommutative space, noncommutative objects are written 
with a hat. We want this deformation to be controlled by some parameter so that in some 
limit we can get back a commutative space. The same we expect from theories built on a 
noncommutative space: In the commutative limit they should reduce to a meaningful com- 
mutative theory. For a noncommutative space where the commutator of the coordinates is 
a constant, the commutative limit is the usual gauge theory on flat spacetime. But as the 
noncommutativity should be related to gravity, gauge theory on a curved spacetime seems 
to be a more natural limit for theories on noncommutative spaces with more complicated, 
non-constant commutators. 

In a gauge theory on a noncommutative space, fields should again transform like J2J) 

l k i> = ik^l. (17) 



5 



Again the commutator of two gauge transformations should be a gauge transformation 

(¥r-¥k)^ = UA^- (18) 

This is only the case for U(n) gauge groups, but general gauge groups can be imple- 
mented by using Seiberg-Witten maps (see chapter l2~K|l . Since multiplication of a function 
with a field is not again a covariant operation, we are forced to introduce a covariantizer 
with the transformation property 

6 A D(f) = i[A,D(f)]. (19) 

Prom this it follows that 

6 A (D(f)y) = iAD(f)$. (20) 
If we covariantize the coordinate functions x l we get covariant coordinates 

X 1 = = x l + A, 1 (21) 

where the gauge field now transforms according to 

5 A A { = -»[£*, A] + i[A,A 1 }. (22) 

Unluckily, this does not have a meaningful commutative limit, a problem that can only 
be fixed for the canonical case (i.e. [x 1 ,^] = iO 13 with 9 a constant) and invertible 6. 

For noncommutative algebras where we already have derivatives with a commutative 
limit, it therefore seems natural to gauge these. But due to their nontrivial coproduct 
the resulting gauge field would have to be derivative-valued to match the rather awkward 
behaviour under gauge transformations [J]. The physical reason for this might be the 
following: The noncommutative derivatives are in general built to reduce to derivatives on 
flat spacetime, which might not be the correct commutative limit. 

We therefore advocate a solution using derivations that will later on (see section l2~B|l 
be linked to derivatives on curved spacetime: 

If we have a derivation d of the algebra, i.e. 

d(fg) = 0f)g + f0g), (23) 

we can introduce a noncommutative gauge parameter Ag and demand that the covariant 
derivative (or covariant derivation) of a field 

M = [d - iA B )i> (24) 

again transforms like a field 

<5 A M = ikM. (25) 
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Prom this it follows that Ag has to transform like 

6 k A B = dA s + i[k,A 8 ], (26) 

This is the transformation property we would expect a noncommutative gauge potential 
to have. If we have an involution on the algebra, we can demand that the gauge potential 
is real A^ = Ag and the field * transforms on the right hand side. In this case expressions 
of the form 

M and MM (27) 

become gauge invariant quantities. 



2.4 Derivations and Forms 

We have seen that in order to construct noncommutative gauge theory in our approach, we 
need derivations on the algebra. As we want to use ★-products to represent the algebra, we 
have to investigate the derivations of such a ★-product algebra. We will be able to identify 
derivations of ★-products with Poisson vector fields of the Poisson structure associated 
with the ★-product. To be more explicit, let us assume that X is a Poisson vector field 

X%{f,g} = {X i d i f,g} + {f,X i d i g}. (28) 

Then there exists a polydifferential operator 5x with the following property 

5x(f*g) = S x f*g + f*5xg. (29) 

Such a map 5 from the vectorfields to the differential operators, which maps the deriva- 
tions of the Poisson manifold T n M = {X £ TM\[X, tt]s = 0} to the derivations of the 
★-product D+M = {5 E D po i y \[S,-k]G = 0}, can be constructed both for the Formality 
★-product fsee !4.1|) and the Weyl ordered ★-product fsee !3.2p . Here we want to investigate 
the general properties of such a map 5. For this we expand it on a local patch in terms of 
partial derivatives 

Sx = 5 x di + Spidj + • • • . (30) 

Due to its property to be a derivation, 5x is completely determined by the first term 5 % x di. 
This means that if the first term is zero, the other terms have to vanish, too. If further e 
is an arbitrary derivation of the ★-product, there must exist a vector field X e such that 

5 Xe = e. (31) 

If X, Y G T n M, then [^Xj^y] is again a derivation of the ★-product and we can conclude 
that 

[S x ,SY] = S [x ,Y h , (32) 
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where [X, Y]+ is a deformation of the ordinary Lie bracket of vector fields. Obviously it is 
linear, skew-symmetric and fulfills the Jacobi identity. 

We will now intoduce noncommutative forms. If we have a map 5 we have seen that 
there is a natural Lie-algebra structure (|3*2|) over the space of derivations of the ^-product. 
On this we can easily construct the Chevalley cohomology. Further, again with the map 5, 
we can lift derivations of the Poisson structure to derivations of the ^-product. Therefore 
it should be possible to pull back the Chevalley cohomology from the space of derivations 
to vector fields. This will be done in the following. 

A deformed fc-form is defined to map k Poisson vector fields to a function and has to 
be skew-symmetric and linear over C. This is a generalization of the undeformed case, 
where a form has to be linear over the algebra of functions. Functions are defined to be 
0-forms. The space of forms Q+M is now a *-bimodule via 

(f*u*g){X u ...,X k ) = f*u(X u ...,X k )*g. (33) 

As expected, the exterior differential is defined with the help of the map 6. 

k 

6u;(X , ...,X k ) = £(-1)* 8xM x o> ...,X i ,...,X k ) (34) 

i=0 

+ £ (-l) i+ ^([^,^'k,^ ,...,A > i ,...,A > i ,...,A fc ). (35) 

0<i<j<k 

With the properties of 5 and [, ]* it follows that 

S 2 u = 0. (36) 

To be more explicit we give formulas for a function /, a one form A and a two form F 

Sf(X) = 6 x f, (37) 
6A(X,Y) = S x A Y -S Y A x -A [XtYU , (38) 
5F(X,Y,Z) = 5 x Fy,z-5yFx,z + 6zF x ,y, (39) 

— F[X,Y]*,Z + F[x,Z] t ,Y - Fiy^X- 

A wedge product may be defined 

u x Au>2(Xx,...,X p+q ) = — J2e(I, J)u 1 (X h ,...,X ip )*u 2 (X jl ,...,X jq ) (40) 

where (I, J) is a partition of (1, . . . ,p + q) and e(I, J) is the sign of the corresponding 
permutation. The wedge product is linear and associative and generalizes the bimodule 



8 



structure (jHEJ- We note that it is no more graded commutative. We again give some 
formulas. 



(fAajx = f*a x , (41) 

(aAf)x = a x *f, (42) 

(a A b)x,Y = ax*bY — aY*bx- (43) 
The differential (|35|l fulfills the graded Leibniz rule 

<5(wi A uj 2 ) = SuJ\ Aw 2 + (-l) fc2 A 5uj 2 . (44) 

Now we are able to translate noncommutative gauge theory into the language of these 
forms. Ax is the connection one form evaluated on the vector field X. It transforms like 

5 a A = 5A a + iA a A A - A A A a . (45) 

The covariant derivative of a field is now 

= 5* -iAAV, (46) 

and the field strength becomes 

F = DF = 6 A - i A A A. (47) 
One easily can show that the field strength is a covariant constant 

DF = SF - %A A F = 0. (48) 

2.5 Seiberg-Witten gauge theory 

Up to now, we could only do noncommutative gauge theory for gauge groups U(n) (see 
(|18p ). We will now show how to implement general gauge groups by using Seiberg-Witten 
maps (HIE]. 

For general gauge groups, the commutator of two noncommutative gauge transforma- 
tions no longer closes into the Lie algebra. The noncommutative gauge parameter and 
the noncommutative gauge potential will therefore have to be enveloping algebra valued, 
but they will only depend on their commutative counterparts, therefore preserving the 
right number of degrees of freedom. These Seiberg-Witten maps A, ^ and D are func- 
tional of their classical counterparts and additionally of the gauge potential 04. Their 
transformation properties (fTT?|l and (|2TT|l should be induced by the classical ones J2J and 
gj like 

A/3 [a] + S a A/3 [a] = K p [a + 5 a a] , (49) 
§^ [a] [a] = ^ f+Sa ^[a + S a a], (50) 
A[a]+? a A[a] = A[a + 5 a a\. (51) 



9 



The Seiberg-Witten maps can be found order by order using a ^-product to represent 
the algebra on a space of functions. Translated into this language we get for the fields [6J 

6 a V$[a] = iA a [a]*-$^[a]. (52) 

From 1)52)1 we can derive a consistency condition for the noncommuative gauge param- 
eter [Sj. Insertion into lfT8)l and the use of © yields 

i6 a Ap - iSpA a + [A a * Ap) = iA_ i[a ^. (53) 

The transformation law for the covariantizer is now 

5 a (D[a](f))=i[A a [a]*D[a](f)]. (54) 

The Seiberg-Witten-map can be easily extended to the derivations Sx of the ^-product. 
The noncommutative covariant derivative .Dx[a] can be written with the help of a noncom- 
mutative gauge potential ^4x[ fl ] now depending both on the commutative gauge potential 
a and the vectorfield X 

D x [a]^[a) =S x ^[a]-iA x [a]*^[a]. (55) 
It follows that the gauge potential has to transform like 

5 a A x [a] = S x A a [a] + i[A a [a] * A x [a]}. (56) 
We will give explicit formulas for the Seiberg-Witten maps in the chapters I.S.HI and 14.21 

2.6 Gauge theory on curved noncommutative spacetime 

We are now ready to formulate gauge theory on a curved noncommutative space, i.e. a 
noncommutative space with a Poisson structure that is compatible with a frame e a . Later 
on we will propose a method how to find such frames commuting with the Poisson structure 
in the context of quantum spaces. 

With the derivation S x , the covariant derivative of a field and the gauge potential now 
read 

D x ^ l p = S x ^, l p-iA x *^ l p. (57) 
With this, a field strength may be defined as 

iF x , Y = [D x 1 D Y ] - D [x>Yh . (58) 

The properties of 5. and [ • , • ]* ensure that this is really a function and not a polydifferential 
operator. 
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For a curved noncommutative space, we can now evaluate the noncommutative covari- 
ant derivative l(H7|l and field strength on the frame e a 

D a * = D ea * = 6 ea $-iA ea *§, (59) 

F ab = F{e a ,e b ). (60) 

To write down a gauge invariant action we further need a trace, i. e. a functional from 
the algebra to the complex numbers. Again the ^-product will be a useful tool. For a large 
class of ^-products there exist measure functions f2 so that 

J f*g = J d n xn(f*g) (61) 

and 

' f*9= I g*f. (62) 



Obviously up to first order O has to fulfill [9J 

d^Qir^) = 0. (63) 



It is known [10J that there is always a ^-product for which this equation holds up to all 
orders. 

Using the measure function and our noncommutative versions of field strength and 
covariant derivative we end up with the following action 

S = J d n x ft (-^r] ab r] cd F ac * F bd + V ab D a $* D b $ - m 2 ¥* (64) 

By construction this action is invariant under noncommutative gauge transformations 

S a S = 0. (65) 

Its classical limit is 

S -» J d n x CI (—g^g^Uyfps + g aP D a 4>Dp<p - m 2 #), (66) 

with g a p the metric induced by the frame. In our example (see 12.71 and !3.4|) . we will further 
have Q = ^fg and the interpretation of the classical limit is obvious. 

We will now propose a method how to find Poisson structures and compatible frames. 
On several quantum spaces deformed derivations have been constructed [HJ [12J HHI. In 
most cases the deformed Leibniz rule may be written in the following form 

Wg)=djg + f^(f)d u g, (67) 
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where T is an algebra morphism from the quantum space to its matrix ring 

V(/£)= ff(f)f a v {g). (68) 

Again in some cases it is possible to implement this morphism with some kind of inner 
morphism 

V(/) = e//V, (69) 
where e a ^ is an invertible matrix with entries from the quantum space. If we define 

e a = e^, (70) 

the e a are derivations 

ea(fg) = e a (f)g + fea(9). (71) 

The dual formulation of this with covariant differential calculi on quantum spaces is the 
formalism with commuting frames investigated for example in |141 1151 [THj I17j. There one 
can additionally find how our formalism fits into the language of Connes' spectral triples. 

We can now represent the quantum space with the help of a ^-product. For example 
we can use the Weyl ordered ^-product we will construct in section [XTI Further we can 
calculate the action of the operators e a on functions. Since these are now derivations of a 
★-product, there necessarily exist Poisson vector fields e a with 

Se a = e a . (72) 

2.7 Example: SO a (n) 

In this section will examine a quantum space introduced in ^H]- Since we are using a 
n-dimensional generalisation we will simply call it SO a (n) covariant quantum space. The 
relations of this quantum space are 

[x ,^] =iax i for 0, (73) 

with a a real number. In the following of the example Greek indices will run from to 
n — 1, whereas Latin indices will run from 1 to n — 1. The deformed derivations commute 
and act like 

d oX ° = i + x°B , 

d x l = x%, (74) 
dix j = 5\ + x j di, 
diX° = (x° + ia)di, 
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If we define p = \/^2i{x 1 ) 2 and assume that it is invertible then 

e Q = do, (75) 
ii = pdi 

is a frame on the quantum space. The classical limit of this is obviously 

e a = d , (76) 
ei = pdi 

and the classical metric becomes 

g = (dx°f + p-^idx 1 ) 2 + ■■■ + {dx n - l f). (77) 
We know that we can write 

(dx 1 ) 2 + ■■■ + (dx 11 " 1 ) 2 = dp 2 + p 2 dn 2 n _ 2 , (78) 

where dQ, 2 l _ 2 is the metric of the n— 2 dimensional sphere. Therefore in this new coordinate 
system 

g = (dx°) 2 + (dlnp) 2 + dn 2 l _ 2 (79) 

and we see that the classical space is a cross product of two dimensional Euclidean space 
and an — 2-sphere. Therefore it is a space of constant non vanishing curvature. Further 
the measure function is 

V ffetg~ = p- {n - 1) . (80) 

We will continue this example at the end of section 3, where we will have explicit 
formulas for the ^-product. 



3 Weyl-ordered ★-product 

To pursue our investigation further, we will have to use a specific ^-product and construct 
explicit expressions for the terms that enter into the action 

For the case of constant Poisson structure, one usually uses the Moyal-Weyl ^-product, 
corresponding to symmetric ordering of the generators of the noncommutative algebra. 
This procedure of generating a ^-product by an ordering prescription can be applied to 
more general algebras, too. 

In this section we will therfore use a *-product generated by symmetric ordering of 
the generators of a noncommutative algebra, the Weyl-ordered ^-product. The algebra of 
functions equipped with the Weyl-ordered *-product is isomorphic by construction to the 
noncommutative algebra it is based on. 

We will present a general formula for the Weyl-ordered ^-product up to second order. 
We will then calculate the derivations to this ^-product and the Seiberg-Witten maps for 
all relevant quantities. 
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3.1 Construction 

We start with an algebra generated by N elements x % and relations 



For such an algebra we will calculate a ^-product up to second order. Let 

f(p)= [ </".r /i.r) ( '"'" (82) 



be the Fourier transform of /. Then the Weyl ordered operator associated to / is defined 
by 

/d n n 
J^f(p)e- iPi * (83) 

(see e. g. pj) . Every monomial of coordinate functions is mapped to the corresponding 
Weyl ordered monomial of the algebra. We note that 

W(e iqixi ) = e iqi£i . (84) 

The Weyl ordered ^-product is defined by the equation 

W(f*g) = W(f)W{g). (85) 

If we insert the Fourier transforms of / and g we get 

We are therefore able to write down the ^-product of the two functions if we know the 
form of the last expression. For this we expand it in terms of commutators. We use 



e A e B = e A+B R{A,B) (87) 



with 



R(A,B) = l+ l -[A,B\ (88) 
- + 2B, [A,B]} + ±[A,B][A,B] + 0(3). 

If we set A = —ikiX 1 and B = —ipiX 1 the above-mentioned expression becomes 
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e -i(fci+ w )x< + l^-ik i )(-ip j )W- 1 (e- i ^ ki+Pi ^ i [x i ,x j ]) 

-I(-i)(A ;m + 2p m )(-^0(-^)W- 1 ( e - i ^ + «) £< [[f-JfS^]]) (90) 

+^(-^M(-^)(-*)(-^)W- 1 (e- ^ ^ +Pi ) ^< [x m ,x n ][x^^D 
+0(3). 

If we assume that the commutators of the generators are written in Weyl ordered form 

ffj = W(c ij ), (91) 

we see that 

[x m , [x\x j ]} = W(c ml dic ij ) + 0(3), (92) 
[x m ,x n }[x\x j ] = W(c mn c lj ) + 0(3). (93) 

Further we can derive 

W-\e^W{f)) = W^fJ ^f( p )e-^ + P^R(-iq t x\-ip t x*) 
= e-^(/+^(- lft )c^/)+0(2). 
Putting all this together yields 



(94) 



W-\e- iki£i e- ipi£i ) = e - i{ - ki+p ^ xi (l + ^c ij (-iki){-i Pj ) (95) 

+ Ic^C^i-ikmX-ipnX-ikiX-ipj) 
o 

+ ^C ml dicV{-i){km -Pm)(-iki)(-i Pj )j 

+ 0(3), 

and we can write down the Weyl ordered ^-product up to second order for an arbitrary 
algebra 

f*9 = f9 + \c ij difd jg (96) 

+ ^^{dM-d.g - difdrndjg) + 0(3). 
15 



Let us collect some properties of the just calculated ^-product. First 

[ x * * x j ] = c ij (97) 

is the Weyl ordered commutator of the algebra. Further, if there is a conjugation on 
the algebra and if we assume that the noncommutative coordinates are real x 1 = x l , 
then the Weyl ordered monomials are real, too. This is also true for the monomials of 
the commutative coordinate functions. Therefore this ^-product respects the ordinary 
complex conjugation 

7^9 = 9*7- (98) 
On the level of the Poisson tensor this means 

di = -c ij . (99) 

If we have a measure function f2 with di(£lc 13 ) = 0, then 

J d n xnf*g = J d n xn g * f + 0(3). (100) 

3.2 Derivations 

We now want to calculate the derivations 5x of the Weyl-ordered ^-product l(96)l from the 
derivations X of the Poisson structure c lJ up to second order. We assume that Sx can be 
expanded in the following way 

5x = x% + 4didj + sfdidjdk + ■■■. (ioi) 

Expanding the equation 

Sx{f*g)=6 x (f)*g + f*6x(g) (102) 
order by order and using [X, c]s = we find that 

5 X = X i d i -^ k d k t? m d l d m Xidid j (103) 

+ L^m dld . X 3 dkdmd . + 0(3 ). 

For [-,•]* we simply calculate [<5x,<5y] and get 

[X,Yl = [X,Y] L (104) 

-^(c^dkC^didmXidtdjY™ - C^dkC^dtdrnYididjX^dn 
+ L^k c im dld . X j dkdmdjY n _ c lk c ™ dldiY J dkdmdj X n )d n 
+0(3). 
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3.3 Explicit formulas for the Seiberg-Witten map 

We will now present a consistent solution for the Seiberg-Witten-maps up to second order 
for the Weyl ordered ^-product and non-abelian classical gauge transformations. The 
solutions have been chosen in such a way that they reproduce the ones obtained in [H] for 
the constant case. 

The solution for the gauge transformations is obtained by solving the consistency 
condition l|S3|) order by order 



a — -c t3 {dia, aj} 



+ ^2 ciicH ( 4 ^ ia ' { a k,diaj}} - 2i[did k a, djcn] 



+2[dj<n, [dia,a k ]] - 2i[[a,j,ai], [dia,a k ]] 
+i{dia,{a k , [aj,ai]}} + {aj,{ai, [dia,a k ]}} 



(105) 



+^c kl d lC ij {a k , aj }} - 2i[did k a, a,-]) + 0(3). 



In the same way a solution for the field is obtained by solving equation (|52|) 




+Aaid k ajdiijj + 4iaiaja k d[ip - Aia k ajaidiip 
+4ia,ja k aidiip — 4dja k a,idiift + 2dia k djaiip 
—4ia,iaid k ajip — Aiaid k ajaiip + Aiaidjd k aiip 

—3aiajaia k tp — 4:aia k a,jaiip — 2aiaia k ajifj I 



(106) 




Prom (|54|) the covariantizer becomes 



D[a](f) 



f + ic v aidjf 




(107) 



+i{a i: [aj,a k ]}dif - {ai,a k }djdif 
+\c il d l ci k {a i ,a k }d J f + 0(3). 
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With (|56|) the NC gauge potential is 

A x = X n a n + ~c kl X n {a k , d t a n + f ln } + ~c kl 'fyX" {a k , a n } 

+ L c ki c ii X n ( - 4i[d k d ian , diaj] + 2i[d k d n a h d iaj ] - 4{a k , {a u djf ln }} 

-2[[d k ai,a n ],diaj] + 4{^a n , {did k , aj}} - 4{a k ,{fn, f jn }} 
+i{d n aj,{ai, [ai,a k ]}} + i{ai,{a k , [d n aj,ai]}} - 4i[[aj,a z ], [a k ,dja n ]} 
+2i[[ai,ai], [a k ,d n aj)] + {a;,{a fc , [a h [%,a n ]]}} 
-{afc,{[az,ai], [aj,a n ]}} - [[a,i,ai], [a k , [a,j,a n ] 

+^c kl c lj djX n (2i[d k ai,dia n } + 2i{di<i k , dia n ] + 2i[di,a k ,dia n - d n ai] 

+4{a n ,{ai,d k ai}} + 4{a k ,{ai,d n ai - dia n }} - 2i{a k ,{ai, [a n ,ai]}} 
+i{a,i, {ai, [a n , a k ]}} + i{a n , {a t , [a*, a fc ]}}) (108) 

+-^c kl c l: >did j X n (did k a ri - 2i[ai,d k a n ] - {a n , {a k , aj} 

+^c kl d l c ij X n (2i[a J ,d k d i a n ] + 2i[d k a h f jn ] 



-{djd n , {a k , ai}} + 2{ai, {a k , f nj }} 
~c kl dic l:, d j X n ^- Ai[ai,d k a n ] + 2i[a k ,dia n ] - {a n , {a k , a;}}) 



The resulting field strength is 

F ab = F(X a ,X b ) = XZxlfu + ^fadjiXjZXlfu)} (109) 
+ l -^X k X l b {f ]h f ki } + ^X k X l b { ai , [ aj , f kl }} + 0{2). 

The covariant derivative is 

D a <S> = D Xa § = 5 Xa <S>-iA Xa *<$> (110) 



X^D^+^fk^Wj 



2 

+ t -c^a i d ] (X k D k <p) + ^a iaj X k D k <p + 0(2). 



Using partial integration and the trace property of the integral, i.e. d^Vtc^) = 0, we can 
calculate 
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S gauge = J dTxU rj ab V cd F ac *F bd (111) 

+ f d'xQ^^Kid^X^f^^PXSU] 

+lc i iX%X»X£XZ{Uv,{fijJ P «}} ~ ^'OTX^^Oj,/^] 
-l^X^X^laif^ajM + i^^,^,^}}) + 0(2). 

Therefore the action for the gauge particles is 

Sgauge — ~^f{.S gauge) 

= Jd n xn rt h rf d X^ c X p h Xl ( - \tr{f^f pa ) 



With c*- 7 = — c 4 - 7 we get 



Sscalar = I d U X Q V ab D a <S> * D b <Z> (113) 



cPxn^lx^XfD^D^ 



+ % -c i ixlXlD il 4>UV i 4> + yixlXlD^UD^ 



^-Px^xin^UiDvi) + 0(2) 



for the scalar fields. 



3.4 Example: S , O a (n) 

Now we continue our example from chapter l2~71 It is easy to see that the Poisson tensor 
corresponding to the algebra is 

cf" = ia5^5 v i x i - iaS^Sfx*. (114) 
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Since we are dealing here with the case of a Lie algebra we surely have W(cf u> ) = [x^, x v \. 
The x % commute with each other, therefore we get with p = \J xix % 

W(p) = p. (115) 

The components of the frame (e a = X a ^d u ) are 

*S = C (H6) 

These we can plug into our solution of the Seiberg-Witten map and get 
A A [a] = X + ^x i {d X,a i }-^x i {d i X,a } + O(a 2 ), 
$^[a] = 4>- ^x l aodi4>+ ^x t a i d (j) + ^x^ao, + C(a 2 ), 
Ax = a - ^x l {a , dia + fio} + jx l {cti, d a } + 0(a 2 ), (117) 
A Xj = paj - ^p{aj,a } - ^px l {a , d { a^ + fa} + ^px l {cii, d aj + f 0j } + 0(a 2 ), 
<5 Xm = Xp v + 0{a 2 ). 
A measure function induced by the trace property of the integral up to second order is 

n = p-( n ~ 1 \ (118) 

We note that 

n = ^, (ii9) 

where g a p is the classical metric induced by the noncommutative frame (see section 2). 
With this measure function the actions become 

Sgauge = - \ J d n x p 3 ~ VV J Tr(f Joj) ~ \ J d 4 x p 5 ~ n r, kl ^Tr{f kl fa) (120) 
% I d n xp 3 - n rt ij 'x p rr(/o p /oi/oi) + ^ J d 4 xp 5 - n V M ^xVTr(f 0p f kt fa) 



d n xp 5 - n V kl r l i ixi>Tr(f jp {f ki J l0 })+O(a 2 ) 



and 



''scalar 



J d n xp 1 ~ n ri 00 D (f>Do<p + J (PxpZ-^Dk^Drf (121) 



~ / d n xp 3 - n V M x*D k( f>f l0 D l( f> + - I ^xp^^xW^hDoc 
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-~ / cT^^-V'^A^o^fc^+l / crxp 3 - n r ) kl x i D 0l >f l ,D l ,o 



-a J d n x p 3 - n V kl xW k( j)f 0i D l( j) + 0(a 2 



In the classical limit a — > the action reduces to scalar electrodynamics on a curved 
background or its nonabelian generalization, respectively. 

4 Formality 

The Weyl-ordered ^-product of the last section is very useful for explicit calculations, but 
these can only be done in a perturbative way order by order. Also, it is only known 
in general up to the second order we calculated in chapter 13.11 For closed expessions 
and questions of existence, Kontsevich's Formality ^-product ^H] is the better choice. It 
is known to all orders and comes with a strong mathematical framework, in which the 
derivations are obtained in a very natural way. 



4.1 The Formality Map 

Kontsevich's Formality map (Hi] is a very useful tool for studying the relations between 
Poisson tensors and ^-products. To make use of the Formality map we first want to recall 
some definitions. A polyvector field is a skew-symmetric tensor in the sense of differential 
geometry. Every n-polyvector field a may locally be written as 

a = a ,1 - l »a il A...Aa i „. (122) 

We see that the space of polyvector fields can be endowed with a grading n. For polyvector 
fields there is a grading respecting bracket that in a natural way generalizes the Lie bracket 
[• , - ]l of two vector fields, the Schouten-Nijenhuis bracket. For an exact definition see 
IA.1I If 7T is a Poisson tensor, the Hamiltonian vector field Hf for a function / is 

H f = [7r,f]s = -^djd r (123) 

Note that [7r,7r]s = is the Jakobi identity of a Poisson tensor. 

On the other hand a n-polydifferential operator is a multilinear map that maps n 
functions to a function. For example, we may write a 1-polydifferential operator D as 

D(f) = D f + D\dif + D^didjf + .... (124) 

The ordinary multiplication • is a 2-polydifferential operator. It maps two functions to 
one function. Again the number n is a grading on the space of polydifferential operators. 
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Now the Gerstenhaber bracket is natural and respects the grading. For a exact definition 
see[01 

The Formality map is a collection of skew-symmetric multilinear maps U n , n = 0, 1, . . ., 
that maps n polyvector fields to a m-differential operator. To be more specific let a\, . . . , a n 
be polyvector fields of grade k\, . . . , k n . Then U n (ai, . . . , a n ) is a polydifferential operator 
of grade 

m = 2-2n + ^2ki. (125) 

i 

In particular the map U\ is a map from a fc-vectorfield to a fc-differential operator. It is 
defined by 

U^a^di, A ... A diJifr, ...,f n ) = a^diJt d ln fn. (126) 
The formality maps U n fulfill the formality condition ^§1 |2D] 

Q' l U n (a 1 ,...,a n ) + ~ <I,J)Q'2(U\i\{^i),U\j\{aj)) (127) 

JUJ=(l,...,n) 

= r ^2 J ' ■■■)')■■• j,---> n)U n - 1 (Q 2 (a i ,a j ),a 1 , «», , a n ). (128) 

The hats stand for omitted symbols, <9i(T) = [T, fj] with /i being ordinary multiplication 
and Q' 2 (Ti,T 2 ) = (-l) (|Tlhl)|T21 [T l5 T 2 ] G with |T S | being the degree of the polydif- 
ferential operator T s , i.e. the number of functions it is acting on. For polyvectorfields 
as'" lks d h A ... A di ks of degree k s we have Q2(ai,a 2 ) = -(-l)( fcl_1 ) fe a [a 2 , ai] s . 
For a bivectorfield tt we can now define a bidifferential operator 

oo 

* = Y j -U n (ir, ...,tt) (129) 



n 

n=0 



i.e. 



OO j 

/*5 = ^^^(vr, ...,tt)(/, 5 ). (130) 

n=0 

We further define the special polydifferential operators 



$ (°) = Et^I)?^'^ •••' 7r )' ( 131 ) 

n=l 

oo - 

*(«i 3 a 2 ) = ( n _ «2, tt, . . . , tt) . (132) 



n=2 
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For g a function, X and Y vectorfields and ir a bivectorfield we see that 



Sx = HX) (133) 

is a 1-differential operator and that both <f>{g) and ^f(X,Y) are functions. 
We now use the formality condition l|127p to calculate 

[*,*] G = H[7T,7T}s), (134) 

[$(/), *] G = -$([/, 7r]s) ; (135) 

[<5jr,*]G = *([X,ir] s ), (136) 

[^,<5K]G + [*(^,n*]G = 5 [X)y]s + *([0,F] 5 ,X)-*([0,X] 5 ,y), (137) 

[*(7r),$(5)]G + [*(ir^),*] G = -S [7r , g]s -y([e,g] s ,Tr)-y{[9,7c]s,g), (138) 

fc,<%)] G = 0([X, 5 ] 5 )-vI/([0, 5 ] s ,X)-M/(^X] 5 , 9 ). (139) 

If 7T is Poisson, i. e. [tt, tt]s = and if X and Y are Poisson vector fields, i. e. [X, tt]s = 
[Y,ir] s = 0, the relations (|TM|l to (fTST)) become 

f*(g*h) = (f*g)*h, 

5 Hf {g) = -Mf)l9l 

5x(f*g) = 5 x (f)*g + f*5 x (g), (140) 

([6 x ,6 Y ]-6 [XiY]L )(g) = [*(X,Y)*g]. 

when evaluated on functions. [ • , • ] are now ordinary brackets. * defines an associative 
product, the Hamiltonian vector fields are mapped to inner derivations and Poisson vector 
fields are mapped to outer derivations of the ^-product. Note that in non-associative 
^-products arised when curved D-branes were considered on curved backgrounds. 

Additionally the map S preserves the bracket up to an inner derivation. The last 
equation can be cast into a form we used extensively in the definition of our deformed 
forms; 

[8x,8y] = 8[x,y]* (141) 

with 

[X,Yl = [X,Y] L + H^i nxx) . (142) 



4.2 Construction of the Seiberg-Witten map 

With the formality ^-product and the derivations on it we have all the key ingredients to do 
NC gauge theory on any Poisson manifold. To relate the NC theory to commutative gauge 
theory, we need the Seiberg-Witten maps for the formality ^-product. In [22 j and [22] the 
SW maps for the NC gauge parameter and the Covariantizer were already constructed to 
all orders in 9. We will extend the method developed there to the SW map for covariant 
derivations. 
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4.2.1 Semi-classical construction 

We will first do the construction in the semi-classical limit, where the star commutator 
is replaced by the Poisson bracket. As in (22] and [2H|, we define, with the help of the 
Poisson tensor 6 = \6 kl dk A di 

<k = -[;6] (143) 

and (locally) 

a e = 9 ij aj di. (144) 

Note that the bracket used in the definition of dg is not the Schouten-Nijenhuis bracket 
(|A.1|1 . For polyvectorfields tt\ and 7T2 it is 

[7ri,7T 2 ] = -[7T 2 ,7Tl]s, (145) 

giving an extra minus sign for wi and 7T2 both even fsee IB.3.2jl . Especially, we get for dg 
acting on a function g 

deg = -[g, 0] = \g, e] s = e kl d ig d k . (146) 

Now a parameter t and t-dependent t = \9 kl dk A d\ and X t = X k dk are introduced, 
fulfilling 

d t 9 t = fe = -OtfOt and d t X t = -X t f6 u (147) 



where the multiplication is ordinary matrix multiplication. Given the Poisson tensor 9 
and the Poisson vectorfield X, the formal solutions are 



e t = e J2(-t m n = Ao kl - te ki fi^ 1 + . . )d k a d l 



(148) 



n=0 

and 

oo 

X t = X J^i-t f0) n = X k d k - tJCfi^dk + .... (149) 

n=0 

6 t is still a Poisson tensor and X t is still a Poisson vectorfield, i.e. 

[e t ,e t ]=0 and [X t ,0 t ] = O. (150) 

For the proof see IB. 11 
With this we calculate 

fe = d t 6 t = -0 t f0 t = -[a e , 9} = d e a e . (151) 
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We now get the following commutation relations 



[a Bt + d u d et (g)\ = dg t ((a et +d t )(g)), (152) 
[a Bt +d u X t ] = -d dt (X k a k ), (153) 

where g is some function which might also depend on t fsee IB.3.T]) . 

To construct the Seiberg-Witten map for the gauge potential Ax, we first define 

oo 



With this, the semi-classical gauge parameter reads [221 123] 

A x [a] = K t (X)\ t=Q (155) 

To see that this has indeed the right transformation properties under gauge transforma- 
tions, we first note that the transformation properties of ag t and X k a k are 

5 x ae t = efd l \d k = d 6t \ (156) 

and 

5 x (X t k a k ) =X*d k \= [X t ,X]. (157) 

Using l|156fl57| l and the commutation relations (|152|153|) . a rather tedious calculation (see 
IB.2|) shows that 

5 x K t (X?a k ) = X t k d k K t (X) + dg t (K t (X))K t (X k a k ). (158) 
Therefore, the semi-classical gauge potential is 

A x [a]=K t (X k a k ) . (159) 
t=o 

4.2.2 Quantum construction 

We can now use the Kontsevich formality map to quantise the semi-classical construction. 
All the semi-classical expressions can be mapped to their counterparts in the ^-product 
formalism without loosing the properties necessary for the construction. One higher order 
term will appear, fixing the transformation properties for the quantum objects. 
The star-product we will use is 

OO - 

* = Y j -.u n {o u ...,e t ). (160) 
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We define 



d* = -h*]G, (161) 

which for functions / and g reads 

d*(g)f = [fig]- (162) 

The bracket used in the definition of d+ is the Gerstenhaber bracket 1|A.2| ). We now 
calculate the commutators l)152j) and (|153j) in the new setting (see lEHt . We get 



Ma et )+d t ,d^(g))} = d*((*(aft) + $)*(/)), 
[$K) + d t ,$(A t )] = -<4($(X t V-)-*K,^))- 



(163) 
(164) 



The higher order term ^(ag t ,Xt) has appeared, but looking at the gauge transformation 
properties of the quantum objects we see that it is actually necessary. We get 

6 x $(a et ) = ®{dg t \) = d**(A) (165) 

with ((I1H) and lfI5T)|) and 

5 A ($(X t fe a fc )-*(a e ,X t )) = A]) - V(d e \,X t ) (166) 

= [$(X t ),<I>(A)]-*([0 t ,A],X t ) 
+*([Ot,X t ],\)-*(do\,X t ) 
= WX t ),$(\)] 

= <fr t *(A), 

where the addition of the new term preserves the correct transformation property. With 

^ = E?^-Tv (<&( ^ ) + 9 ' r ' (167) 

n=0 ^ >' 

a calculation analogous to the semi-classical case gives 

5 x (Kt($(X?a k )-*(a et ,X t ))) = 5 Xt tf*(*(A)) (168) 

+d*(KnH\)))K:mX*a k ) - *(a 6t ,X t )). 



As in [221 ESI i the NC gauge parameter is 

A A [a] = KtmX)) 



t=Q 



(169) 
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and we therefore get for the NC gauge potential 



A x [a] = K*{<5>{X k a k ) - *(a 9t ,X t )) 



t=o 



(170) 



transforming with 



5 X A X = 5 x Ax-[h\1 A x ]. 



(171) 
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A Definitions 

A.l The Schouten-Nijenhuis bracket 

The Schouten-Nijenhuis bracket for multivectorfields 7rl 1 "' lks di 1 A . . . A d{ k can be written 
as (j2m,IV.2.1): 



vri • vr 2 = ^(-l) l -\i 1 -- 4k "d l 4 1 ''' jk2 il A...Ad il A...Ad iki Ad jl A...Ad jk2 , (173) 



For a function g, vectorfields X = X k d k and Y = Y k dk and a bivectorfield it = 

\ir kl dk A di we get: 



7T 2 • 7Tl, 



(172) 



i=i 



where the hat marks an omitted derivative. 




(174) 
(175) 

(176) 



(177) 
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A. 2 The Gerstenhaber bracket 

The Gerstenhaber bracket for polydifferential operators A s can be written as (|20],IV.3): 
[A u A 2 ]g = A x oA 2 - (-i)(l^il-i)(l^|-i)^ 2 o Ali (178 ) 



(At o A 2 ) (A,... / mi+TO3 _i) (179) 

mi 

c i \(mi— D(i— 11 /t/^ j'/i/'j' ^ \ -c 

/+m.2 ) • • • i Mi+m2-lji 



^ ( _l)( m2 -l)0--l)^ l(/l; . . . f j _ 1 ,A 2 (f j , f j+m2 -l), fj+m 2 ,- ■ ■ , frm- 
3=1 



where \A S \ is the degree of the polydifferential operator A s , i.e. the number of functions 
it is acting on. 

For functions g and /, differential operators Z?iand D 2 of degree one and P of degree 
two we get 



[D,g] G = D(g), 

[P,g) G (f) = P(g,f)-P(f,g), 

[D 1 ,D 2 } G (g) = D x {D 2 {g)) - D 2 {D x {g)), 

[P,D] G (f,g) = P(D(f),g)+P(f,D(g))-D(P(f,g)). (180) 

B Calculations 

B.l Calculation of [0 t ,0 t ] and [0 t ,X t ] 

We want to show that 9t is still a Poisson tensor and that X% still commutes with 0t- 
For this we first define 9(n)f = (9f) n = 9 ki f {j . . . 9 rs f si = f u 9^ . . . f rs 9 sk = (f9) n and 
9(n) kl = 9(f9) n = 9 k% fij . . . f rs 9 sl . In the calculations to follow we will sometimes drop 
the derivatives of the polyvectorfields and associate yr* 1 — *" with ^ kl --- kn ~e? fcl a . . . A<9fc n for 
simplicity. All the calculations are done locally. 
We evaluate 



[6 t ,9 t ]s = 0fW+c.p.m(Mj) (181) 

oo m 

= E(-*)" +m0 ( n )^(°)^( m - o%e rl die a ^ + c. P . in (kij) 



n,m=0 o=0 
oo m 



+ £ ^(-t) n+m+1 ^(n) fc ^( re(m- r^/ sp + c.p.in(^j) 



n,m=Q o=0 
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J2 (-t) n+m+ °e(n) k r 6(o) i s e(my p 9 rl d l 6 sp + c.p. in (kij) 

3=0 

oo 

^2 ^-tY+ m +^e(n) kl e{o) is e{m)^d l f sp + C . P . in (kij). 



n,m,o=0 
oo 



n,m,o=0 

The first part vanishes because Ot is a Poisson tensor, i.e. 

[0, 9] s = kl diO ij + c.p. in (kij) = 0, (182) 

the second part because of 

d k f i:j + c.p. in (kij) = 0. (183) 
To prove that X t still commutes with Ot, we first note that 

oo 

X t = X^2(-tfO) = X(l-tfO t ). (184) 

n=0 

With this we can write 

[X t ,0 t ] = [X,0 t ]-t[Xf0 t ,0 t ] (185) 
= X n d n 0f - k t n d n X l + O l t n d n X k 

+ vm f aina nkl , j.nknf\ f vm f qH\ +Qlnf\ I vm f Qik\ 
— tA JmiVt a nPt + l "t O n {Ji- inaPt)~ W t a n\A Jmi^t ) 

= X n d n 0f - k t n d n X l + 0\ n d n X k 

i +Qknp, vm f nil +alnp\ vm f nik 
+W t O n Ji JmiVt ~ W t c 'n A Jmi^t 

i + nknvmf\ f nil j.nlnvma f nik 
+W t A O n J m iV t — W t A O n J m iV t . 



In the last step we used l|182p . To go on we note that 

j-akrivmp, f nil +Qlnvmf\ r nik -hvnnkm^ f nil (ia.a\ 

W t A O n J m iV t — W t A OnJmiVt ~ JA "t a njmi"t ) \iob) 

where we used l)183j) . Making use of the power series expansion and the fact that X 
commutes with 0, i.e. 

[X, 0} = X n d n kl - kn d n X l + ln d n X k = 0, (187) 

we further get 

oo 

X n d n kl + tX n km d n f mi 0f = £ (-t) r+s 0(r) k X n d n Q^Q( S )) (188) 

r,s=0 
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= E {-^^{rf^dnX^is)) 

r,s=0 
oo 

- E (-tY^oir^e^dnX^isYj. 

r,s=0 

Therefore (|185|1 reads 



oo 



[XtM = E (-ty^rpisp^dnXi - Y, {-tY^eirteisp^d^ (189) 

r,s=0 r,s=0 

akrif* yl , /i/no -irk , j./ifcna v-m f oil +Qlnpi ym f oik 
—t>t O n Ji + V t O n Ji. + W t O n Ji Jmi"t ~ W t a n-& Jmi"t 

= 0. 

B.2 The transformation properties of K t 

To calculate the transformation properties of K t (X k a k ), we first evaluate 

n.-l 



5 x ((ae + d t ) n )X k a k = ]T(a e + d t )^(A)(a e + d t ) n ~ 1 - i X k a k (190) 

i=0 

ri—l i / .\ 

= ^^(j)^((a e + 5 t )'(A))(a, + a i r" 1 -^ fe a fc 



and 



(a e + d t ) n S x (X k a k ) (191) 

(oo + d t ) n x k d k \ 



n-l 



X k d k (a e + d t f - + d t ) i de{X k a k ){a e + ^J^^A 



j=0 

X k d k (a 6 + d t ) n 

n—1 n—l—i 



II — ±11 — -L — t / . \ 

E E l • "')(-l)"" 1 ^K + 90 l+ ^((a e + 9 i r- 1 - l - J (X fc a fe ))(A) 



i=0 j=0 

X k d k {a e + d t ) 

n—1 n—l—i 



+E E \ • ~ j(-ir~ 1 " i ~ j K+0O i+ ^(A)((a,+^) n " 1 ^'(^)) 



i=0 j=0 
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X k d k (ae + d t ) n 

n—l n—l—i i+j 



+E E E( 7 * li )(- 1 ) n " 1 ~ < " i *((^+*) , w)((^+*) n " 1 " , (^))- 

i=0 j=0 1=0 ^ ' ^ ' 

We go on by simplifying these expressions. Using 

D-CtX;:!) fcr i>! (192) 

m=Z i=0 V / \ / m=; \ / \ / 

Using (|192j) again two times and then using induction we go on to 



we get 



giving, after using (|192|) again 

sC:=i=0-(T> 

Together with 

e'ck;,) <>*» 



these formulas add up to give 



ee^e/Xt)^ 1 --- +EGH"! 1 ) (197) 

m=« i=0 V / V / i= ; \ / \ / 

and therefore 

5x(K t (X k a k )) = X k d k {K t {\)) + d e {K t {X))K t {X k a k ). (198) 

B.3 Calculation of the commutators 
B.3.1 Semi-classical construction 

We calculate the commutator l|lF)2jl (see also [2Hj), dropping the t-subscripts on 9 t for 
simplicity and using local expressions. 
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[ao,d e (g)] = -fi i a j d i e kl d k gd l - ft ' aj O kl d^gdi (199) 
+6 kl d k gd l 9 ij a j d l + e M d kg e^d l a J d i 
= -e kl d k e l ia. J d i gd l - e kl e i ^a j d k d l gd l - e kl e i ^d,a k d l gd l 
= +9 ij f jk o kl d i gd l - e kl d k (e^a j d i g)d l 

= -de/eg + d e (ae(g)) 
= -d t (d e )g + d e (a e (g)). 



For (pjSl) we get 



[a e ,X t ] = e ij aj diX k d k - X k d k 9 ij a j d l - X k 6 ij d kaj di (200) 

= -6 ij X k d k a j di - 0' k <)!.X J <,,<), 

= X k f ki 6 i id j + 0Vd i (X k a k )d j 

= -8 t X -d (X k a k ). 



B.3.2 Quantum construction 

In j2l], (|135|136|139fl have already been calculated, unluckily (and implicitly) using a 
different sign convention for the brackets of polyvectorfields. In j2B], again a different 
sign convention is used, coinciding with the one in [24] in the relevant cases. In order 
to keep our formulas consistent with the ones used in [2311231; we define our bracket on 
polyvectorfields m and tt2 as in [23] to be 

[7Tl,7r 2 ] = -[7T2,7Ti]s, (201) 

giving an extra minus sign for 7Ti and TT2 both even. The bracket on polydifferential 
operators is always the Gerstenhaber bracket. 
With these conventions and 

d* = -[•,*] (202) 
we rewrite the formulas (j 1 3 9 1 1 .3 7 1 1 3 5 1 1 3 6 1) so we can use them in the following 



mX),<S>(g)] G 

[<&(*), $(y)] G 

d*$(X) 



<f>([X,g}) + *([0,g},X)-V([0,X},g), 
d*V(X,Y) 

+$([X,Y]) + V([e,Y],X) - V([0,X\,Y), 

Hd e (g)), 

Hde(X)). 



(203) 
(204) 

(205) 
(206) 
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For the calculation of the commutators of the quantum objects we first define 

a* = $(a flt ) (207) 

and 

/* = *(/*)• (208) 
With (|206|) we get the quantum version of (|151|) 

A = d*a*. (209) 

For functions / and <? we get 



(210) 

With these two formulas we can now calculate the quantum version of (|152|) as in [23 J . 
On two functions / and g we have 



d t (f*g) = /*(/,<?) (2ii) 
= -[«*>*](/, g) 

= -a*(f*g) + a*{f)*g + f*a*{g), 

where we used l|18()|l in the last step. Therefore 

[a*,d*(</)](/) = atfaigXf)) - d*(jg)Mf)) (212) 

= a^[fU])-[a,(f)l9] 
= -dt{f1g)-[a*(g)1f) 
= -d t d+(g)(f)+d*(a*(g))(f). 

For a function g which might also depend on t the quantum version of 1|152|) now reads 

[a* + d t ,d*(g)} = d*( aic (g)). (213) 

We go on to calculate the quantum version of (|153|) . We first note that 

OO - 

dMx t ) = - ( _ )} d t u n (x t , e t ,..., o t ) = $(d t x t ) + x t ). (214) 

n=l ^ 
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With this we get 



[$(a fl ), = ck*(ae,X t ) + $([ae,X t ])-y([e t a e ]) + mOt,Xt},a e ) (215) 

= d^(ag,X t ) + <S>(-d e (X*a k )) + H-d t X t ) - V(f e , X t ) 
= -d^{X^a k ) - *(ae,X t )) - 8MX t ), 

where we have used l)204[l . 
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